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Abstract -A stiffness method is used to study the dispersion characteristics of waves propagating
in laminated composite cylindl:rs. Each lamina of the cylintkr can POSSI:SS distinct anisotropic
propertics. m,lSS density and thickness. Thl: objective of thl: study is to analyze the I:lr~'Cts of the
circumferential wave number. ply lay up configuration. number of layers. and thl: thickness-to­
radius ratio on thl: dispersion characteristics. A Rayleigh·Ritz typc ofapproximatil>n of the through­
thickness variation of the displacements which maintains the continuity of displ'Il'ernents and
tractions at the II1terfaces between the layers has been used. The numerical results are compared
with thllse llbtained from the method using quadratic interpolation fum:tions and also with the
analvlll'al solutions to illustrate the accuracy and elliciency of the method. Frequency spectra for
four" ply [ + 30 - .'01••lI1d [+ 15/ - 151•. sixteen ply [ + 15/ - 15[. and twdve ply [O,! + 45/- -15/0.. 1.
graphite/epox)' laminated composite cylinders are also prcsented. Numerical results show strong
inl1ucnce of 'lIli,otropy on the guided waves.

INTRODUCTION

The role of lamin;lt~dcomposite struclures compos~dof fibre·r~inforcednH.:rnbers for space
environrnenls is widely recognized. Fibre-reinlorced laminated composite tubes arc cur­
renlly being sludied as candidate strulS for lrusses lo be used in space slruclures. To improve
their ulilization. lh~ir physical behaviour needs to be understood. Therefore. analysis of
w;tve propagalion in laminated composite cylinders is becoming of interest among many
researchers. A comprehensive knowledge of w;lve scattering plays an importanl role in
idenlifying cracks in cylinders. One approach to solving the wave scattering problem is lO
represent the sC;lttaed field by w;lve funclion expansion, as reported for plales by Abdul­
jabbar et al. (19S3). In orda to represent the scallered wave field by the waw fUIH:lion
expansion. displacement and stress eigenfundions have to be accuratdy eSlablished.

The vibrations of an infinitely long. circular cylinder are governed by the dispersion
equalion. This equalion. which relates the frequency and the wavelenglh. requir~s the field
equations of linear elasticity to be salisfied throughout the cylinder and the lateral surfaces
of the cylinder lO be free of traction. Wave propagation in homogen~ous isotropic cylinders
has been thoroughly sludied analytically (Pochhammer. 1876; Onoe et al.• 1962; G;lzis.
1959; Armen;ikas et al.. 1969). A considerable amount of information exists concerning
the vibration and wave propagation in isotropic composile circular cylinders. McNiven et
al. (1963) studied the propagation ofaxisymmeric longiludinal harmonic w;lves in a solid
rod encased by an outer rod of finite thickness. Armen;ikas (1965. 1967. 1971) studied Ih~

propagation of torsional harmonic w;lves in composite rods and also derived the frequency
equalion for the propagation of harmonic waves in a lwo-Iayered shell with arbitrary
circumferential modes. and presented the frequency speclrum of two-layered isolropic
shells. hi-Lue Lai (1971) studied the propagation of the harmonic waves in the eI;lslic solid
rod wilh clastic rod casing and presented the modd for sofl core with slilTcasing. Not many
analytical works for anisotropic cylinders have bcen reporled. Axisymmetric waves in
homogeneous orthothopic cylinders were considered by Mirsky (1964) and McNiven and
Mengi (1971 ). while asymmetric problems were solved by Chou and Achenbach (1972) and
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Armenakas and Reitz (1973) using Frobenius saies. To our knowledge. no exal:t solutions
for laminated anisotropic cylinders an: availabk.

Since the mathematical manipulation involved in deriving the frequency equations for
anisotropic cylinders is cumbersome and their solution intractable. many rescarchers have
studied thc vibration in laminated onhotropic cylindcrs by approximate theories. Thc mosl
common ones are shell theories. A list of refcn:nces on various approximalc cylindrical
shell theor;cs can be found in the reccnt papers by Khdcir e{ al. (19tl9) and Barbcro and
Rcddy (1990). Howcvcr. shcll thcories arc eumbcrsomc to usc and they do not providc
accurate eigenvalucs required for wave scattering problems. Theories which yield accurate
eigenvalues and afe computationally very conwnient to use are theories daived through
the stitl'ncss method ofanalysis. Nelson c{ al. ( 1971 ) and Huang and Dong ( Il)~.f) presented
a still'ness mcthod to study wave propagation in laminated anisotropic cylinders with an
arbitrary numbcr of lamina. They discretized the cylindcr in the thickness dircction into
mathematical sublayers and used interpolation functions that involved only the dis­
placemcnts at the interl:lccs between sublayers and at the middle of thc sublayer'i as
the gcnerali/ed coordinates. Although the technique generally yields good results for thc
frequency spectrum. it docs not directly lead to the evaluation of the tracti,)ns at the
interface boundaries. In ordcr to use a hybrid modd to study the scattering from cracks
and inhomogeneities (Abduljabbar ('[ lI/.. 19~3; Koshiba ('{ al.. 19X4). it is necessary t\l gd
accurate results for both displacements and tractions. With this applicati\1n in mind. we
prescnt in this papcr a stilrness mcthod which incorporates thc displaccments and tractions
at thc il1terl:lces between sublayers as gcnerali/ed coordinatcs. A similar tcchniquc was used
by Datta ('/ al. (19S91 to study dispcrsion of wavcs in a Iaminatcd plate.

In the stilrness method used in this study. thc dynamic ochaviour \ll' a compositc
cylinder is approximated oy dividing thc cylinder into several suhlayers and rcpresenting
thc displaccmcnt distrihution through thl: thicknl:ss of each sublaycr oy polynomial inlcr­
polatilln functions. Thl:sc fUllctions arc dwsen to satisfy thc displacemcnt and slrl:ss COil ..

tinllity at thl: intl:rfaccs oclwccn thc adjllining sllblaycrs. By applying I Ltnlliton's principlc.
the dispcrsion equation is ohtaincd as a standard algebraic cigl.Cnvallll: problem. Ligcl1\ allies
and eigellvel.Ctors of this equation yield the frequencies and thc ass'lciatcd displal.Ccl11cnlS
and tradions of propagating and evanescent modes.

The accuracy of the stifl'ness l11ethod is demonstrated hy comparing the results with
the analytical solutions and the results ootained oy the mL'thlld employed oy Iluang and
Dong for homogL'nL'OllS isotropic cylinders. Efkcts of cireulllferential wave nUl11oer. ply lay
up conliguration. thickness-to-radius ratio and the number of layers on the dispersi\ln
characteristics in fihre-reinforced angle-ply cylinders are investigated.

1·(JR7I,1In ..\Tt()~

TirnL' harmonic elastic wave propagation in an infinite circular c:ylinder composed of
pcrfec:tly bonded lamina with possibly distil1l:t l11ec:hanil.:al properties. as shown in Fig. I,
is considcrL'd here. Two lateral surfaces of the cylinder. i.e. lhc inner and thc outcr surfaces,
arc free of tral.:tion. The direl.:tion of wave propagation is .::.

(jol'£'mill.q £'qIUltioll.~

In this method. each lamina is divided into several suhlayers so that the total number
of sublayers through the thickness II is N. It is assumed that the k th suolayer of thickness
II. with inner and outer radii r. and rk .. I can possess distinct anisotropic moduli C1",

([I. if = 1.2..... 6) and density fl •. With relCrence to the cylindrical coordinates (1'.0, :). the
stress strain relation in the kth suhlaycr is given by:

(II

where



Wa\e: propagation in laminatc:d composite: c1TI:ular I:ylinde:rs

z k - th sublayer

'---- Typical lamina

Fig. I. Geome:try of laminated qlinder.

{alT = (a" aoo a:: ro: !,.:" r,o).

{r.J T = (f." f.oo l::: ro: .. }',,,).I r;

Let the radial. circumferential and axial displacements (11.1'. II") be assumed 10 the
forms:

lI(r. IJ. =; t) = li(r. =; t) e'mo.

I'(r. IJ. =; I) = f(r. =; I) e"''''.

lI'(r. IJ. =; I) = li·(r. =; t) e""o. (2)

where I denotes time. m the circumferential wave number and i = J"::'i. The strain·
displacement relationship can then be written as:

(
Ii h~ I~). Imt'y,1I = 1m + ~.- - - e .
r rr r

The factor e""t1 will be suppressed in the sequel.

(3)

Stiflness mel/lOci
The displacements at a point in the kth sublayer approximated by interpolation

polynomials in the radial direction can be written as:
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where

[C: r = (Ii l' Ii'),

[if : r = / - iik 1\ Tk \\\; X, Ii, • 1 ih_1 1\ ~ 1 T, _I Ii', • x.. I)'\ Uk I

lSi] and [SJ are given in Appendix A. Prime in eqn (4) denotes differentiation with respect
to =. The generalized coordinates lik • 1\. Ii',. 6k • T, and X, are the values of Ii. 1'. Ii'. 6". T.'J
and T,:. respectively. at the kth interface. Subscript k+ I denotes the same quantities at the

(k + I lth interface. These nodal values of the displacement and traction components are
functions of =and t.

The cquations governing the nodal generalized coordinates Ii" 1\. Ii',. Ii" T, and Xk
(k = I..... .v + I) arc obtained using Hamilton's principle. The Lagrangian. L, for the kth
sublayer is calculated as:

I If {i'" I • }
_ I -. I r r "I r 'I r . r. 1 •

L, - 2 I: '. (PkI L I 1['-1'-' [(]II.,)rdr d.dt. ( 5)

In eqn (5). ovnhar and owrdot denote complex conjugate and time difl'erentiation respec­
tively. Using eqn (4) in strain displacement relations (3). these inturtl in (5), and summing
the contrihutions from all suhlayers and upon setting its first variation to zero leads to the
following equation (Oatta ct al.. 1')X9):

[ <'II()"'+[A·llf)"".+f[F I'f)"'. _[C·I'ij"'.I.+.f[F Ilf)"
"" I\: , ~ I\: I 1 -I I\C I I 1\C ) J t -, I\C I

The generalized displacement traction vector: Q: and the matril:es [C,I. IC,I. [All. [A'rI,
[A',I and [/~'r!through [/;'.] are detined in Appendix A. Note that the matrices [Cr! and [A'rI
arc real and symllletric. [MI. [Er! and [Ed arc Hermitian. while fCc]. [A',I and [/~'rl arc
skew-I krmitian.

AIl/chra;c c;.t/l·//l·aluc proh!CI/lS
;\ solution for eqn (6) can be assumed in the form:

(7)

where: QIl: represents the nodal amplitude vector. UI the l:irl:ular frequency and I' the
complex wave number. Substitution of eqn (7) into eqn (6) results in a sci of linear

homogeneous equations as:

where

[K,] = [Ed +U)'[Cd,

[K~] = [E,] +(I)'[C,I,

[K,] = [E']-(I)'[M].

(X)

(9)

For a non-trivial solution. the determinant of the coellicient matrix must be zero which
results in the eigenvalue prohlem denoted as EVP·I. This equation is the dispersion relation
to solve for the eigenvalue I' for given (II. Alternatively. when }' is specitled. the generalized
eigenvalue problem denoted as EVP-ll is ohtained from eqn (8) as:
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where

[Krl = i,4[Ke]-/[K:l +i':[E:l -i'[Ee] + [E~l,

[Af;.] = [AI] +1'[Cd -i':[C:l·

The complex wave number, i" is admissible only in the form of:

where
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(lOa)

(lOb)

(II)

The propagation mode occurs when i'l( = 0. In contrast, if i'( = 0 and i'R # 0 the mode is
evanescent or non~propagating.When i'R and i'( are both non-zero. edge vibration in which
motion is confined ncar the edge is possible. It can be seen from eqn (8) thal if y is an
eigenvalue, then -y is also an eigenvalue.

NUMERICAL RESULTS A:'-ID DISCUSSION

The method outlined above was impkmented in a computer code lo determine the
eigenvalues and eigenvectors of the EVP-I and EVP-II (eqns (X) and (10». For hrevity.
frequency spectra for only propagating modes (EVP-II) arc presented. The frequency
spectra in all examples arc plotted for the normalized frequency n and the nortlmlized wave
number~. [n all examples considcred below /I and R arc the total thickness and mean mdius
of the cylinders, respectively. To demonstrate the accuracy. etTectivencss and versatility of
the proposed method. numerical results for the following six cX:lmplcs arc presented:

(I) Homogeneous isotropic cylinder with the Poisson's ratio. ~', of 0.3, 11/R = 1.5 and
circumferential wave numbers, m, of I and 3.

(2) A 4~ply (+ 30/- 30), gmphite/epoxy cylinder, HIR = 0.667 and circumferential wave
numbers. m, of I and 3.

(3) A 4-ply [+ 15/ - 15], graphite/epoxy cylinder, If/R = 0.667 und circumferentiul wave
numbers, nt. of I and 3.

(4) A 4-ply [+ 15/ - 15), graphite/epoxy cylinder. H/ R = 0.10, :lOd a circumferential wave
number. m. of I and 3.

(5) A 16-ply [+ 15/ - IS], graphite/epoxy cylinder. H/ R = 0.10 and a circumfercntiill wave
number. m. of I.

(6) A 12~ply [0:/ +45/ - 45/0:], graphite/epoxy cylinder. H/ R =0.10 and a circumferential
wave-number. nt, of I.

The finite element models consist of eight sublayers for the first four examples, 16
sublayers for the fifth example, Hnd 12 sublayers for the last example. There arc no
perceptible changes in the frequency spectm observed in every example by increasing the
number of sublayers. In all ligures, the analytical solutions arc represented by the circle.
the method used by Huang and Dong by the dotted line and the present method by the
solid line.

[n the first example, the normalized frequency and the normalized wave number are
given by:

mil • I'Hn=----- <;:=
11:1\ ' It

where
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and !J is the shear modulus. Figures 2a and 2b show the frequency spectra for this example.
Comparing the results from the Huang and Dong method. the present method and the
analytical solution which contains the Bessel functions (Armenakas et al.. 1969). it can be
observed that the present method yields results that are in excellent agreement with the
analytical solution. For higher modes and. or larger W,lve numbers. the discrepancy between
the two approximate methods becomes noticeable. The circumferential wave number does
not affect the pattern of the discrepancy of the results.

For the rest of the examples. the elastic properties for each ply relative to their natural
elastic axes are (Huang and Dong. 1984):

EL = 13.9274xI01oNm-:. ET = 1.5169xlOIO Nm ..

GLt = Grr = 0.5861 x 1010 N m- z. VLT = VTT = 0.21.

The normalized frequency and the normalized wave number arc given by:

n = (!l!' ~ = /' If
l'L n:

where

It can be st.'Cn from Figs 3a and 3b. for example 2. that the cin:umferential wave
number does not affect the pattern of the discrepancy between the two approximate
methods. However, the change in circumferential wave number from I to 3 is quite pro­
nounced in alteration of the dispersion characteristics. The rigid body motion docs not
appear when the circumferential wave number is 3.

To illustrate the effect of ply lay up configuration. the frequency spectra for example
3 are shown in Figs 4a and 4b. The circumferential wave number shows a similar effect as
in the case of [+ 301 - 30]. ply lay up tube of example 2. Comparing Figs 3a and 3b with
Figs 4a and 4b for the same circumferential wave number. it can be observed that the
orientation of the fibres leads to the change in the dispersion characteristics. It can be seen
from Figs 3b and 4b that when m = 3. there arc more backward waves; a phenomenon
associated with the region of the frequency spectrum having group and phase velocity of
opposite signs (Meeker and Meitzler. 1964). for [+ 30/ - 30], ply lay up.

The frequency spectra of the tubes with HIR = 0.10, corresponding to rdatively thin
tubes, are presented in Figs 5-7 for examples 4-6. respectively. Figures 4 and 5 illustrate
the influence of the HI R ratio on the dispasion characteristics. When the circumferential
wave number is I, the change in the HIR ratio does not signif1cantly alter the frequency
spectra. All the effects, however, are localized in the region having both low wave numbers
and low frequencies. The influence of the HIR ratio becomes more pronounced for the
circumferential wave number of 3. It can be noticed from Figs Sa and 5b that. for relatively
thin tubes, the change in circumferential wave number from I to 3 does not lead to the
change of dispersion characteristics. Figures 5a and 6 show that the effect of layering (i.e.
the number of layers) is significant. Layering has a tendency to increase phase velocities.
Figure 7 shows the frequency spectra for example 6 which is a multi-angle symmetric lamina
used in the aerospace industry. It can be noticed. from Fig. 7. that the phase velocities
approach the constant phase velocity stage more slowly than in the cases of [+ lSI - 15],
or [+301 - 30]. ply lay up tubes.

From Figs 2-7. it can be seen that the results obtained by the present method are
always lower than those obtained by the Huang and Dong method. Both the stiffness
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(a)

773

n

(b)

Fig. 2. Frequency spectra for a homogeneous isotropic cylinder with v = 0.3. HI R = 1.5 (a) fI/ = I ;
(b) m = 3.
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Fig. 4. Frequency spectra for a 4-ply 1+ 151-15]. graphite/epoxy cylinder with 11/R = 0.667
(;1) "' = I; (b) m = J.



o~
0.0 0.5 1.0 1.5 2.0 2.5 3.0

(b)

4-plv I. + 15 _I"(a) III ~o I . (h,l. graphite cpo .
• ) III = J. '}

cylinder with II,R = 0.\0



Wave propagation in laminated composite circular cylinders 777

3.02.01.51.00.5

0.1::<,::::::::...-r---..,--..,-----..,-----,

0.0

Fig. 6. Frequency spectra fl,r a f6-ply (+- 15i -151. graphilccpl"Y cylinder with If,R 0.10 ami
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Fig. 7. Frequency spectra for a 12-ply [0:/ +45/ -0:1. graphite/cpo'y cylinder with Hi R = 0.10 and
",=1.
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methods use the consistent mass approach. Thus. it can be concluded that the present
method yields results closer to the analytical results.

COl"CLUS[O:\

A stiffness method based on through-thickness cubic interpolation functions for the
displacements that maintain continuity of displacement and traction components at the
interfaces between the sublayers has been used to study guided wave propagation in
laminated composite cylinders. This method yields more accurate results than those
obtained from the stitTness method employing quadratic interpolations which ensures the
continuity of only the displacement components. It may be noted that for the same number
of sublayers modelled in EVP-IL the present method provides the smaller number ofdegrees
of freedom which. consequently. reduces the computational time. The numerical results
presented show that dispersion characteristics significantly depend upon fibre orientation
and number of layers. and to a lesscr degrce on thickness-to-radius ratio. The effect of the
circumferential wave numbcr on dispersion characteristics is significant only for the thick
cylinders in the low frcqucm:ics and low wavc numbcrs regime.
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APPE'SDIX A

Tht: non-zero elements of3 x l:? matrices [NI) and ['v:l ofeqn (4) areas follows:

719

f~PJ
NI(1.3)=~.

. J~f:
;'jIll. 5) =T'

. ., J:f~
i',I_.3) =~.

,r ("~) I:f,
I" _._ = -~.

j".fl., ,
N:(1,41 =-=-~-.

{.P,
N :(1. 5) = im 'L\~ ,

l'~I'
N:(l,(l) "" :"'L\'.

r,r~ . {,
N.('!.,!) ,., , ..... -1111' '-,

. t'tr~ 't
.... f!A I •

N!{ ..... ) "" 1\ '

Thl.' par:unch:rs 1'[ an.: given by:

For I '" I. 2, 3 ; j '" / + I :

N I (3.1) = -I:.

V (3 J) _ f:P~
II • - A •

,,! ( .. <) _ f:6.\}
j': -." - 6 •

N (" 5) , I:ft.
: -, = 1m Ar••

,,! ("' 6) _ 1:61.\
[Y: -. - li .

f,P7
N:O,I) = -s.r;'

(.A l •
N :(3, '2.) = :':~f-':'

f·r 1
(\,,(3,.\) "" itni-,

- U,rk

(AI)

(A2)

Forl4,5.6;j=/-'2.:

For / "" 7....• 10; j "" f - S:

e., ClI ell>
IJ, "" _ ("I eB c,•.

c./ C.~ C••

Cli C t , CI~

PI"" C'I e~1 c" . (Al)
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/ipq is the cofactor of clement Cpq of matrh A, Functions J,. (n = I. 2.3.4) (:Ire cubic polynomials given by:

II = 1<'2.-3,,+'1'), f: "" l(2+J'r-,,').

. II" , \ hl , 1

.I; = -8 (I - r, -". + rr I. I. "" 11(~ I - '1 + ". + '1 ).

where

(A4)



7HO

1
'7= h;(2r-r,.,-r,J.

h.. =rlr. ... l-rlt..

The matrices [C,I. [C,l. [M]. [K,J. [K:l and [E,j through [E,] in eqn (6) are given by:

[C,J = (II p[.V,]f[N,lrdr.

J"

[C,l = J"" p[[V ,l"[.V,l- [,V ,jf[N,]]r dr..,

I
II

[.If] = p{.Y,]T{:V,]rdr.
"

f"[K,J = " [,W[Cj[djrdr.

I
II

[K,J = [d]f[CJ[h]rdr.
"

[E,] = r[[,W[ClIaJ - [hJf[ClIhJ + [,W[CHdllr dr.

J
""

[E:l = " [[tiJf[CHhJ - [hl'[C][aJ]r dr.

J
"If:,J = [IiI r ICHajr dr.

"

wlll:fc (lVCfOar Indicates c(llllpk~ conjugal<:.
Thl' 1l(l1l-/l'W ckmcn'" "I' (, x 12 lI1alri.~ ra/ in C<jll (AS) arc as tilllows:
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a(I.I)

a( 1.2)
J..,,\, ,

,\

m' (,1',
a(4,3) = -' •

!'J.r,r

(,.I',
a( I . .I) ~ lin "'r,

/""',,a( I. 4) ~ •
c\

. 1·,1'.
all. 5) ~ lin' .

L\r,

/:,.'J., ,
a( I. 6) ~ .'J. •

/, 111'1· I·P, . l·P,
a(2,1)=' ...... :+ - ···+Im·..:· .. ·.

r ',J i..\r .. r dr/cr

1,·\" . 1,1\ II
"L!.2) '" +1111 •
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a(2.3) ~ - + I, + .. +._ ..
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.'J.r,r

· /.,\"
a(4.4) = 1111 '.' •

!'J.r

m'I,I'·, . ./,
£1(4.5) = - _._--- + llll- •

tJ.r,r r

· j.tJ."
£1(4.6) = 1m ";i:'.

I I'
a( 5. I) =-'.."'.. '.

or,

I",tJ."
£1(5.2) = -t\-'

· 1,.. 1',
,,(5.3)='111 ,""-.

or,

I.,L\ '1

£115.4) ='''li: .

5 5 /
. /,.,1'.

a( • ) = ,,+Im't:;;-'

,,(5 6) = /,.,t':J."
• tJ.'

f'. ( /')' (II f·P, f· f.,,)£1(6. I) = --.. /,., - -~ + 1m - + -'- + -.:. - ~ ,
tJ.r, r r tJ.r,r r,r r,



where the f •., represents ('/./(r.
The non'zero elements of 6 x 12 matrix [b) in eqn (A5) are as follows:

78t

(A6)

b( I. J) "'" f~~P J ,

b(l.5) ::= f:.t P: ,
l:i

h("' 3) "" f~Pl. +. !:P~
-. Ar 1m t:.r •

h(' 5} - bP: +' I:P,
~. - lir 1m lir '

. . J!J'.
h(J.5) =JI+II11:..-·'.

u r•

f: . I: (PI. P~)b(4.3)""'fl+-+lm- -+- .
,~ A,. r

J'A
b(4.4) "'" lAB.

. I: (P. PS)b(4.5) == 1m - - + - .A,. ,
/ .A•.

b(4.6)""T·

12 P,
b(5.1) =fl+fh+~'

, uT.

b(5.2) = f:AJ.)..
li

f:,P. . I:P t
b(5.3) == -:L\- +ltlt"t,.7;"

f)A 11
h(5.4) = ._t;:'.

(A?)

The 6)( 12 matrix. ltil in eqn (A5) h>ls non-zerO dements as follows;

d(3.I) "" -fl.

d(3.3) "" I:P9..
A

d(3. S) =fl P
s •

A

d(4 3) "" ItP
"

• l:i'

J(4 5) = It?,
• 6.'

d(S 3) ". It P]
• A'

d(5.S) = I::. (A8)

where the remaining six columns of matrices [N II. [N2J. [al. [bJ and [dl can be obtained from the first six columns
by replacing I. by IJ.f: by f~, and r. by r.. I'


